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Abstract. We provide an irreducibility test and factoring algorithm (with 
some qualifications) for formal power series in the unique factorization domain 
-R[[X]], where R is any principal ideal domain. We also classify all integral 
domains arising as quotient rings of i?[[X]] . Our main tool is a generalization of 

VP ' the p-adic Weierstrass preparation theorem to the context of complete filtered 

^\J commutative rings. 
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1. Introduction 
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All rings and algebras in this paper are assumed commutative with identity. For 

any ring i?, if / is a polynomial in R[X] or a formal power series in i2[[X]], then we 

let fa, or (f)i when necessary, denote the coefficient of X % in /. A homomorphism 

of i?-algebras will be called an R-homomorphism. 

It is well-known that formal power series rings exhibit pathologies that their 
£> ■ polynomial ring counterparts do not [3] . For example, if R is a ring of finite Krull 

dimension n — dimi?, then n + 1 < dimi?[X] < 2n+ 1, while dimi?[[X]] may be 
^^O ■ infinite, even if dimi? = 0. Also, if R is a unique factorization domain (UFD), then 

R[X) is also a UFD, but i?[[A"]] need not be. In fact it is unknown whether or not 
i?[[A"]] is a UFD if R is the ring of polynomials in a countably infinite number of 
variables over a field K |9\ 

Interesting problems concerning i?[[X]] arise even for R = Z. For example, there 
is no known irreducibility criterion for the elements of Z[[Jf]] [4] [5]. As noted in 
[4] there are polynomials that are reducible in T\X] while irreducible in Z[[Jf]], 
such as (1 + X)(2 + X), and likewise there are polynomials that are irreducible 
in Z[X] while reducible in Z[[X]], such as 6 + X. (See Propositions 12.11 and 12.21 ) 
The articles [4] [5] [6] provide the following: (1) sufficient conditions for a power 
series / £ Z[[X]] to be irreducible; (2) sufficient conditions for / to be reducible, 
along with factorization algorithms in those cases; and (3) necessary and sufficient 
conditions for / to be irreducible in Z[[X]] if / is a polynomial in "L\X\ of degree at 
most 3. In this paper we provide an irreducibility test and factoring algorithm (with 
some qualifications) for formal power series in the UFD i?[[X]] for any principal 
ideal domain (PID) R. 

Let R be a ring. A nonzero element a of R is said to be prime (in R) if (a) is 
a prime ideal of R. For any ideal a of R we denote by R a the a-adic completion 
lim R/a n of R. The following irreducibility criterion is proved in Section [3] 

Theorem 1.1. Let R be a PID. A polynomial f £ R[X] is irreducible in R[[X]] if 
and only if one of the following conditions holds. 
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(1) /o = and f\ is a unit in R. 

(2) /o is associate to a power of some prime f £ JJ, and if f = gh with 
g,h £ R(k)[X], then either go or ha is a unit in Rm. 

Theorem 11.11 shows in particular that the irreducibility in Z[[-X"]] of a polynomial 
/ e Jj[X] not associate to X depends precisely on (1) how fo factors in Z — the 
constant term /o must be ±p for some prime p; and (2) how / factors in the 
polynomial ring Z p [X], where Z p denotes the ring Z( p j of p-adic integers — / must 
have a unique irreducible factor, up to associate, with constant term in pZ p . That 
the p-adic numbers are involved in this problem is suggested by several results 
in [5] [BJ, but the relationship is not surprising since / £ Z[[X]] is irreducible 
if and only if the quotient ring Z[[X]]/(/) is an integral domain, and the ring 
Z p = Z[LY]]/(p — X) arises as such a quotient ring. Similarly, for example, the 
quotient ring Z[[X]]/(p — X 2 ) is isomorphic to Z p [yf>]. This follows from Theorem 
ll.4l below. but to verify the isomorphism directly one may show that the obvious ring 
homomorphism from Z[LY]] to C p sending X to y/p, where C p denotes the field of 
complex p-adic numbers, has the appropriate kernel and image. Generalizing these 
examples, |15[ Theorem 3.1.1] shows that the integral domains arising as quotient 
rings of Z[[X]] are, up to isomorphism, precisely the following: Z[LY]], Z, F p [LY]], 
F p , and Z p [a], where p is any prime and a is any element of Q p with v(a) > 0, 
where v is the unique valuation on C p extending the p-adic valuation on Q p . This 
result generalizes as follows. Define the absolute integral closure R + of an integral 
domain R to be the integral closure of R in an algebraic closure of its fraction field. 
It is known that R + is local if R is a Henselian local domain [1] . 

Theorem 1.2. Let R be a PID. The integral domains arising as quotient rings 
of R[[X]] are, up to isomorphism, precisely the following: R[[X]], R, (R/m)[[X]\, 
R/m, and R m [a] , where m is any maximal ideal of R and a is any element of the 
unique maximal ideal of the absolute integral closure of R m . 

The main tool in our proofs of the results above and indeed in our whole in- 
vestigation is a generalization of the p-adic Weierstrass preparation theorem to the 
setting of complete filtered rings. Let R be a ring. A filtration of R is an infinite 
descending sequence f = (fo,fi,f2, ■ • ■) OI ideals of R. Let Rf = lim R/fj denote 
the completion of R with respect to f. We say that R is complete with respect to 
f if the natural homomorphism R — > Rf is an isomorphism. This is equivalent to 
saying that R is complete and Hausdorff in the f-topology. The completion Rf of 

R is complete with respect to the filtration f = (fo, fi, f2? • • •)) wnere I f° r anv ideal 
J of a topological ring S denotes the closure of I in S [21 Section III.2 Proposition 
15]. Let o be an ideal of R. The filtration (o°, a 1 , a 2 , . . .) of R is called the a-adic 
filtration of R, and we say that R is complete with respect to a if R is complete 
with respect to the a-adic filtration. We say that a filtration f of R is an a-filtration 
of R if each fi contains some power of a. If f is an a-filtration of R, then f is an 
a-filtration of Rf and there is a unique continuous R- homomorphism R a — > Rf. 

Let us say that / € R[X] is a- Weierstrass (in R[X]) if / is monic and / = X dcs ? 
in (R/a) [X] , that is, if /dc g / = 1 and f t G a for all i < deg /. We say that / G -R[[A]] 
is a- distinguished of order n (in R[[X]]), where n is a nonnegative integer, if /„ is 
a unit modulo a and /i G for all i < n, or equivalently, / is associate to X n in 
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(i?/o)[[X]]. A polynomial of degree n is a-Weierstrass if and only if it is monic and 
a-distinguished of order n. 

Theorem 1.3 (Weierstrass preparation theorem). Let R be a ring and a an ideal of 
R such that R is complete with respect to some a-filtration of R. For any f G R[[X]] 
that is a-distinguished of order n, where n is a nonnegative integer, there exists a 
unique a- Weierstrass polynomial P G R[X] and a unique unit U G i?[[V]] such that 
f = UP; equivalently, P is the unique monic polynomial in R[X] of least degree 
that is divisible by f in R[[X]]; moreover, one has degP = n. 

A well-known and elegant proof of Theorem 1 1.31 in the case where R is complete 
with respect to o and a is the unique maximal ideal of R is given in [131 Theorems 
IV. 9. 1-2]. The theorem is also proved in [17] in the case where R is complete with 
respect to a = (/o, /i, . . . , f n -i)- However, the hypothesis that R is complete with 
respect to o imposes unnecessary restrictions on applicability of the theorem, since 
for an arbitrary ideal o of a ring R the o-adic completion R a of R is complete with 
respect to the a-filtration (a , a 1 , a 2 , . . .) but may not be complete with respect to 
o if a is not finitely generated [U Exercise III. 2. 12 and Section III. 2 Proposition 
16 Corollary 2]. Thus our generalization of the Weierstrass preparation theorem to 
arbitrary complete filtered rings allows for applications to the completion of any 
ring with respect to any of its ideals. 

In Section [3]we adapt the proof of [131 Theorems IV. 9. 1-2] to yield a concise 
proof of Theorem 11.31 We call the polynomial P of Theorem 11.31 the Weierstrass 
polynomial (in R[X\) associated to f and denote it by Pf — Pf,R, and we denote 
U by Uf = Uf t R. Algorithm 15.21 of Section[5]is an algorithm for computing Pf and 
Uf to any desired degree of accuracy, correct to within Qi N for any desired positive 
integer N, where 21 = ai?[[V]] + Ai?[[X]], under the assumption that one knows / 
to within , Q[( n + 1 ) N and one has an algorithm for performing the ring operations in 
R/a z for i < (n + 1)N. 

It should be noted that any "algorithm" using the ring operations of a ring R 
requires infinite precision if some elements of R are not finitely specifiable, which 
is the case, for example, if R is the ring of integers Ok of some local field K. 
Nevertheless, there are honest algorithms to which, for example, one can input a 
sufficient approximation to / G Ok [X] modulo a power of ttOk [X] , where it is a 
uniformizer of K, to obtain the irreducible factors of / to a given desired degree of 
accuracy. See [7] [8] PH] [D] [H]j for example. Although some of the algorithms in 
this paper, such as Algorithms 13.91 [3.111 16.11 and 16.21 arc equipped with "oracles" 
that tacitly perform the ring operations in R a [X] or _R a [[A]] for some ideal a of 
a ring R to infinite precision, we also provide honest algorithms by showing that 
such algorithms are stable modulo powers of the ideals a[X] and H[[X]] + Ai? a [[A]], 
respectively. In particular, this is done in Algorithms 15.21 I5"^il 16.31 I6TH and !8.2l 

In Section [3] we prove the following irreducibility criterion for elements of the 
UFD R[[X]] for any PID R. 

Theorem 1.4. Let R be a PID and f G i?[[A]]. Then f is irreducible in R[[X]] if 
and only if one of the following conditions holds. 

(1) /o — an d f\ i s a unit in R. 

(2) /o is associate to a power of some prime ir G R and, writing f = ix f , 
where n \ f G i?[[A]], either of the following conditions holds. 

(a) k = 1 and f' Q is a unit in R. 
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(b) k = and P f g is irreducible in R^) [X] . 

Moreover, if fo is associate to a power of a prime n £ R and 7r j /, i/ien i?[[X]]/(/) = 
Ru\[X]/{P) as R[X\- algebras, where P = P. s is the Weierstrass polynomial in 

i?( w )[X] associated to f. 

The following corollary is immediate. 

Corollary 1.5. Let R be a PID and f £ 12[JC], and suppose that f is (w)- 
Weierstrass and fa is associate to a power of -k for some prime -k £ R. Then 
i?[[AT]]/(/) = R/ 7T \[X]/(f) as R[X\- algebras, and therefore f is irreducible in R[[X\] 
if and only if f is irreducible in R^) [X] . 

The rest of this paper is organized as follows. Section [2] generalizes [4j Proposi- 
tions 3.3 and 3.4]. Section [3] provides several primality criteria for certain distin- 
guished formal power series over an arbitrary ring (Theorems 13. II and 13. 6[) . yielding 
proofs of Theorems 11.11 IT~3l and 11.41 above. Section [4] contains a proof of Theorem 
11.21 and Section [5] provides algorithms for computing associated Weierstrass poly- 
nomials. Section |6l the main result of which is Algorithm 16. 4| provides algorithms 
for factoring formal power series over a PID; further work would likely yield algo- 
rithms that are more efficient than these. Section [7] provides irreducibility criteria 
for certain distinguished formal power series over an integral domain (Theorem 
I7.1J) . yielding an alternative (and shorter) proof of Theorem II .41 Finally, Section [8] 
provides an irreducibility test for formal power series over a factorial number ring 
that have no nonunit constant or square divisors. 

2. Elementary observations on factoring formal power series 

The results in this section generalize [4j Propositions 3.3 and 3.4]. 

Proposition 2.1. Let R be an integral domain and f £ R[[X]]. If fo is irreducible 
in R, then f is irreducible in R[[X]]. 

Proof. If / = gh, then fo — goh-o, whence either go or ho is a unit in R, and 
therefore either g or h is a unit in i?[[X]]. □ 

Proposition 2.2. Let R be a ring and f £ R[[X]]. Suppose that fo — ab, where 
(a, b) = R. Choose r,s £ R with ra + sb = 1. Set go = and let 

n-l 

9n = fn - rs ^2 9i9n-i 
i=l 

for all positive integers n. Then g = ~Y^ = o9nX n £ R[[X]\ is the unique solution 
to the equation 

f = (a + sg){b + rg) 
with go = 0, and one has (a + sg, b + rg) = R[[X]] . 

Proof. The equation for g is equivalent to g = f — fa — rsg 2 , which, assuming go = 0, 
is equivalent to the given recurrence relation. Also r(a + sg) + s(b + rg) = 1 + 2rsg 
is a unit in _R[[X]]. □ 

Corollary 2.3. Let R be an integral domain and f £ R[[X]]. 
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(1) If f is irreducible in R[[X]], then (fo) ^ R and for any a,b £ R with fo = ab 
and (a, b) = R one has (a) = R or (b) = R. Moreover, the converse holds 

if(fi) = R- 

(2) If R is a PID and f is irreducible in R[[X]\, then either (/) = (X) or fo is 
associate to a power of a prime in R. 

(3) Suppose that R is a UFD but not a PID. Then there exist irreducible power 
series in R[[X\\ whose constant term is neither zero nor associate to a power 
of a prime. In fact, if tt,o~ £ R are nonassociate primes with (jr, a) =/= R, 
then 7T(T + XU is irreducible in R[[X]] for any unit U £ R[[X]]. 

Two elements a and & of a ring R are said to be coprime if (a, b) = R. In a PID 
this condition holds if and only if a and b share no nonunit factors. 

Proposition 2.4. Let R be a ring and f £ i?[[X]]. Suppose that fo = a\a 2 ■ ■ ■ <Xk, 
where the ai are pairwise coprime in R. Choose bi,b2, ■ ■ ■ ,bk £ R such that 
Sj=i &» Y[i=£i a j = 1- Then there exists a unique g £ Xi?[[X]] such that 

f = (ai + b 1 g)(a 2 + b 2 g) ■ ■ ■ {a k + b k g). 

Moreover, the ai + b, t g are pairwise coprime in R[[X]]. In particular, if fo is a 
product of k pairwise coprime nonzero nonunits of R, then f is a product of k 
pairwise coprime nonzero nonunits o/i?[[X]]. 

Proof. The given equation for g has the form 

9 = f - fa + c 2 g 2 + c 3 g 3 H h c n g n , 

where c, € R for all i, which, assuming go — 0, is equivalent to a recurrence relation 
for the <7i of the form 

9i = fi +Fi(gi,92,---,gi-i), 

where Fi € R[X\ , X 2l . . . , Jf»-i] for all i. The existence and uniqueness of a solution 
g € Xi?[[X]] follows, and the rest of the proposition is then clear. □ 

Corollary 2.5. Let R be a PID and f £ R[[X]]. If fo has at least k pairwise 
nonassociate prime factors in R, then the prime factorization of f in the UFD 
R[[X]\ is of length at least k. 

3. PRIMALITY CRITERIA 

In this section we prove Theorems II. 31 ITT41 and ll.ll of the introduction. 

For any ring R and any nonnegative integer n, let r„ and a n denote the R- 
linear operators on i?[[X]] acting by r„ : / i — > X^i^o fn+iX l and a n : f i — ► 
/ - X n T n (f) = YJi=o hX\ respectively. 

Proof of Theorem \1.3[ Let f be any a- filtration of R with respect to which R is 
complete. Let V G R[[X]]. Then Vf = V f„X n (mod (a[[X]\ + X n+1 R[[X}})) , and 
therefore Vf is automatically an o-Weierstrass polynomial of degree n provided it 
is a monic polynomial of degree at most n, in which case V is a unit in i?[[X]]. 
So it remains to show that there is a unique V £ R[[X]} such that Vf is a monic 
polynomial of degree n. Now, Vf is a monic polynomial of degree n if and only 
if r(Vf) = 1, where r = r„. Since r(Vf) = r{V{a{f) + X n r(f))) - r(Va(/)) + 
Vr(/), where a — a n , this in turn is equivalent to 

r(Va(f)) + Vr(f) = l. 
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Put Z = W(/). Since r(f) is a unit, the above equation is equivalent to 

(T + I)(Z) = T(a(f)T(f)- 1 Z) + Z = l, 

where I is the identity operator and T the operator t o (a(f)r(f)~ 1 —) on i?[[X]]. 
Since a(f) € aR[X], the operator T maps a*[[X]] into a i+1 [[X]], so imT 1 C a*[[X]], 
for all i. Thus for every j one has imT ! C a l [[X]] C fj[LY]] for sufficiently large 
i. Therefore the operator T + I on -R[[-X"]] is invertible with inverse (T + I)^ 1 = 
T,Zo(- 1 T Tt - Thus the equation (T + I)(Z) = 1 is equivalent to Z = (T+I) -1 ^), 
or equivalently V = t-(/) _1 (T + I) _1 (1). Such a V e #[[X]] therefore exists and is 
unique. □ 

Next, Theorem 11.41 follows immediately from Corollary 12. 3f 2) and the following 
theorem. 

Theorem 3.1. Let R be a ring and a an ideal of R, let f £ R[[X]] fco- distinguished 
in R a [[X]], and let P be the Weierstrass polynomial in R a [X] associated to f. Sup- 
pose that the R[[X]]-homomorphism R[[X]]/(f) — > R(f a }[[X]]/(f) is an isomor- 
phism, which holds if f a nonzerodivisor in R or R is Noetherian. Then each of 
the following conditions implies the next. 

(1) a k C (/o) for some positive integer k. 

(2) The R-homomorphism R(j Q ) — > R a is an isomorphism. 

(3) There is a (unique) R[X]-isomorphism R[[X]]/{f) — > R a [X]/(P) so that 
the diagram 

R[[X])/(f) >Ra[X]/(P) 



R Uo) [[X]]/(f) >Ra[[X]]/(f) 

of R[X]-homomorphisms (in fact, R[X]-isomorphisms) is commutative. 

(4) R[[X]]/(f) = R a [X]/(P) as rings. 

(5) / is prime in R[[X]] if and only if P is prime in R a [X]. 

To prove Theorem 13. II we use the following four lemmas. 



Lemma 3.2. Let R be ring and a — (oi, . . . , ajt) a finitely generated ideal of R. 
There is a surjective R-homomorphism ip : R[[Xi, . . . ,Xk]\ — > R a acting by f i — > 
/(oi,...,Ofc) withkenp = f] n (n+a n R[[Xi, . . . f X k ]]), where tt = (d - Xi, . . . ,a k - 
Xk), and one has o" = a n R a for every nonnegative integer n. Moreover, if R is 
Noetherian then kertp = n. 

Proof. This follows from the proof of [TBI Theorems 17.4 and 17.5]. □ 

Lemma 3.3. Let R be ring and a € R. Suppose that a is a nonzerodivisor in R 
or R is Noetherian. Then i?( a j = i?[[X]]/(a— X) as R-algebras and (o n ) = o n i?( a ) 
for every nonnegative integer n. Moreover, if a is a nonzerodivisor in R, then a is 
a nonzerodivisor in Rr a \ . 



Proof. By Lemma 13.21 we may suppose that a is a nonzerodivisor in R. Let <p : 
i?[[X]] — > i?( a ) denote the surjective i?-homomorphism / i — > /(a). Let / £ kerip. 
By Lemma l3~!2"l one has / = (a — X)g n + X n h n for some g n , h n e iJ[[X]] for all n > 1. 
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Then /g = a(g n )o and ft = a(g n )i — (<?n)i-i for all i < n. Since a is a nonzerodivisor, 
this implies that (g n )i is uniquely determined for i < n, so (g m )i — {9n)i Hi < n < 
m. Thus G = lim n g n exists in i?[[X]] and / = lim n ((o— X)g n +X n h n ) = (a—X)G. 
Therefore kerip — (a — X). 

Suppose now that af = in R[[X]} / (a— X) , where / £ i?[[X]]; say, af = (a~X)g 
with g £ R[[X]]. Then afi — agi — gi_\ for all i > 1, so a divides g in i?[[X]]. Say 
g = ah with h £ R[[X]]. Then af — a(a — X)h, so / = (a — X)h and therefore 
/ = in R[[X}]/(a-X). Thus a is a nonzerodivisor in R {a) = R[[X]]/(a- X). D 

Lemma 3.4. Let R be a ring and f £ i?[[X]]. Then S = R[[X]}/(f) is com- 
plete in the foS-adic topology. Moreover, if /o is a nonzerodivisor in R or R is 
Noetherian, then S is complete with respect to foS and the R[[X]]-homomorphism 
R[[X]]/(f) — > R(f )[[X]]/(f) is an isomorphism. 

Proof. Let a — /q, let it : R[[X]] — > S be the quotient map, and let x = 7r(X). We 
first show that S is complete in the aS'-adic topology Let gi £ S for all nonnegative 
integers i and s n — Ylj—n 9ia? for all positive integers n. We claim that the sequence 
{s n } converges aS'-adically in S. Choose hi £ R[[X]] with ir(hi) = gi. Now / = 
in S implies a — n(g), where g = a — f £ XR[[X]}. Let t = J^^Lo^d 1 e ^[[-^]]- 
Then for any positive integer n we have n(t) = s n + a n ir (J^tLn ^i9 l ~ n )i so w (t) — 
s n (mod a n S) for all n. Therefore S is complete in the aS'-adic topology. 

Suppose now that R is Noetherian. Then i?[[X]] is Noetherian and complete with 
respect to XU[[.X"]], so by [HI Theorem 8.7] S is complete with respect to Xi?[[X]] 
as an i?[[X]]-module, whence S is complete with respect to xS. Therefore, since S 
is Noetherian, it follows from 14, Exercise 8.2] that S is also complete with respect 
to aS C xS. 

Suppose, alternatively, that /q is a nonzerodivisor in R. We show that S is 
complete with respect to aS. To prove this we need only show that S is Hausdorff 
in the aS'-adic topology, or equivalently Hn ™^ = (0), that is, n r i(/' a ") = (/) m 
R[[X]]. Now, (f,a n ) = (f,g n ),wheieg = a-f€XR[[X]] : Let h £ f| n (f,a n ). For 
every nonnegative integer n we may write h = fk n +g n l n with k ni l n £ R[[X]]. Since 
Jo is a nonzerodivisor in R, by induction on i this equation uniquely determines 
(k n )i for i < n. Therefore K = lim„ k n exists in i?[[X]], so h — lim n (fk n + g n l n ) = 
fK. Therefore f] n (/,«") = (/)■ 

Supposing, then, that R is Noetherian or a = /g is a nonzerodivisor in R, we have 
S a s — S. Moreover, by Lemma l3.3l we have Rf a )/a n Rr a j = R/(a n ), so R( a )[[X]]/(f) 
maps homomorphically onto the inverse system ' iJ) of i?-algebras. There- 

fore R( a \[[X]]/(f) maps homomorphically into S a s — hm ' (f) , so there is a 
commutative diagram 



>R ia) [[X}]/(f) 




of i?[[X]]-homomorphisms. Thus (p : S — > R( a - j [[X]]/(f) is an inclusion. Finally, 

for any bi £ R one has tp(J2i ^( a — /)*) = Si bid 1 , so i?( a ) C im^ and therefore ip 
is surjective, hence an isomorphism. □ 
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Lemma 3.5. Let R be a ring, a an ideal of R, and P an a-Weierstrass polynomial 
in R[X]. We have the following. 

(1) Suppose that f|„ a" = (0). If F = hP with F G R[X] and h G R[[X]], then 
heR[X}. 

(2) If R is complete with respect to an a-filtration, then the R[X]-homomorphism 
R[X]/(P) — > R[[X]]/(P) is an isomorphism. 

Proof. To prove (1), let n = degP, and let m be any positive integer such that 
n + m > deg F. For all i > to we have 

= F n+ i = hi + (hi+lPn-l + ftj+2-Pn-2 h ^-n+i-Po); 

whence /ij G o. But then the same equation and an obvious inductive argument 
imply that hi G a J for alii > to and all j, whence hi = for all i > to. This proves 

(I)-" 

Next, suppose that R is complete with respect to an a-filtration, let <p denote 
the PLY]-homomorphism R[X] — > R[[X]]/(P), and let x = tp(X). By (1) one 
has keriy9 = (P). Let ^ o^X 4 <E P[[X]]. For any nonnegative integer i, writing 
i = qn + r with g, r G Z and < r < n, we have 

X' = X«"jr = (-P - PiX P, l _iX"- 1 ) 9 X r (modPR[[X}}). 

It follows that x z = b q x r for some 6 G a. Since 6 e a, the series ^ a qn+r b q 
converges in R for all r. Therefore 

^ aiX 1 = y^ I y^ a qn+r b q x r G im<^. 

i r=0 \ g / 

Thus y is surjective. This proves (2). □ 

Proof of Theorem WT\ Since (/ ) C P n a = o, it follows that (1) implies (2). 
By Lemmas 13.41 and I3.5f 2). (2) implies (3), and the remaining implications are 
clear. □ 



The following result generalizes Theorem 13. II 

Theorem 3.6. Let R be a ring and a an ideal of R, let f G P[[X]] fco- distinguished 
in R a [[X]], and let P be the Weierstrass polynomial in R a [X] associated to f. Sup- 
pose that the R[[X]]-homomorphism R[[X]]/(f) — > R(f )[[X]]/(f) is an isomor- 
phism (which holds if /o is a nonzerodivisor in R or R is Noetherian). Then the 
following conditions are equivalent. 

(1) There is a (unique) (X)-adically continuous R[X]-isomorphism R[[X]] /(/) — 

Ra[X]/(P). 

(2) There is a (unique) R[X]-isomorphism R[[X]]/(f) — > R a [X]/(P) so that 
the diagram 



R[[X 



]/(/) >R«[X]/(P) 



R {fo) [[X]]/(f) >R a [[X]]/(f) 

of R[X]-homomorphisms (in fact, R[X]-isomorphisms) is commutative. 
(3) The R[[X]]-homomorphism R[[X]]/(f) — > R a [[X]]/(f) is an isomorphism. 
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(4) The R[[X]}-homomorphism R(f )[[X]]/(f) — > R a [[X]]/(f) is an isomor- 
phism. 

Moreover, if f~| a n — (0) and /o a nonzerodivisor in R a , then the above conditions 
are equivalent to the following. 

(5) The R-homomorphism R(j ) — > R a is surjective and R D foR a = foR- 

(6) The R-homomorphism R/ foR — > R a / foRa is an isomorphism. 

To prove the theorem we need also the following two lemmas. 

Lemma 3.7. Let R C S be rings and let f G i?[[X]] with a = fo a nonzerodivisor 
in S . Then R n aS — aR if and only if R[l/a] n S — R in S[l/a], if and only if 
b — ac for b £ R and c G S implies c € R. Moreover, if those conditions hold, then 
f is a nonzerodivisor in S[[X]], and one has the following. 

(1) R[[X]]nfS[[X]]=fR[[X]]. 

(2) R[[X]][l/f\ n S[[X]\ = R[[X}} in S[[X]][l/f]. 

(3) g = f n h for g G R[[X]], h G S[[X}}, and n G Z >0 implies h G R[[X]]. 

Proof. Clearly the three conditions on a are equivalent and imply that / is a nonze- 
rodivisor in 5[[X]]. Thus it suffices to prove statement (3) with n — 1. Suppose 
g = fh with g G R[[X]} and h G 5*[[X]]. One has g = f h G R, so h G R. If 
hj G R for all j < i, t hen fohi = gi — fifh— i — ■ • • — f^ho G R, so hi G R. Therefore 
hi G R for all i by induction on i, whence h G i?[[X]]. D 

Lemma 3.8. Let R be a ring and a an ideal of R, and let f G i?[[X]]. Suppose 
that the R[[X]]-homomorphism R[[X]]/(f) — > R(f Q )[[X]]/(f) is an isomorphism. 
Then the following conditions are equivalent. 

(1) The R[[X]]-homomorphisms in the commutative diagram 

R[[x}]/(f) 



R Ua) [[X]]/{f) >R a [[X]]/(f) 

are isomorphisms. 

(2) The R[[X]]-homomorphism R[[X]]/(f) — > R a [[X]]/(f) is an isomorphism. 

(3) The R[[X]]-homomorphism R(f )[[X]]/(f) — > R a [[X])/(f) is an isomor- 
phism. 

Moreover, iff] n fl n = (0) and /o is a nonzerodivisor in R a , then the above conditions 
are equivalent to the following. 

(4) The R-homomorphism R(j ) — > R a * s surjective and R n foR a = faR- 

(5) The R-homomorphism Rj foR — > R a /foRa is an isomorphism. 



Proof. If /o is a nonzerodivisor in R or R is Noetherian, then by Lemma 13.41 the 
i?[[X]]-homomorphism i?[LY]]/(/) — > -^(/ )[[-^]]/(/) ^ s an isomorphism. State- 
ments (1) through (3) are clearly equivalent. Suppose that |~) a™ = (0) and a = f 
is a nonzerodivisor in R a . If (2) holds, then one has i?-isomorphisms 

R_ R[[X]] R a [[X}] R a 

aR ~^ (f,X,a) "^ (f,X,a) ~^ a R a ' 
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so (5) holds. 

Suppose that (5) holds. Let b £ R a . Since the i?-homomorphism R — > R a /aR a 
is surjective, we may recursively find bi £ R and c, G R a so that 6 = c n a n + 
S"=o ^ a * f° r a ^ positive integers n. It follows that b = X^o^ a '- Therefore (4) 
holds. 

Suppose that (4) holds. Let ip denote the homomorphism in statement (3), which 
is clearly surjective. Let <p denote the homomorphism i?[[A]] — > R a [[X]]/(f). Let 
g £ kenp, so g = fh for some h £ R a [[X]]. Since R (1 fcjR a = foR and /o is a 
nonzerodivisor in R a , by Lemma [3~71 one has h £ i?[[A]]. Therefore kert^ = (/). It 
then follows from Lemma 13.41 and the commutative diagram of statement (1) that 
ip is injective and therefore an isomorphism. Therefore (3) holds. D 

Proof of Theorem\£M Because the image of R[X] in R[[X]]/(f) is (A)-adically 
dense, statements (1) and (2) are equivalent by Lemma [3~4l Statements (2) and (3) 
are equivalent by Lemma l3.5f 2). and the rest of the theorem follows from Theorem 
13.11 and Lemma l3~8l □ 

An alternative proof of Theorem 11.41 is provided in Section [7] 
Next, let R be a UFD. For any / G -R[[-X"]] we let the content c(/) of f be any 
gcd in R of the coefficients of /, which is unique up to associate. Let a £ R. If 
a =/= 0, write w(a) — oj(a, R) for the total number of nonassociate primes in any 
prime factorization of a in R, and write w(0) = w(0, R) — oo. Note that uj(a) = 
if and only if a is a unit in R, and ui(a) — 1 if and only if a is associate to w k for 
some prime it £ R and some positive integer k. Theorem 11.41 implies the following 
irreducibility test for elements of i?[LY]]. 

Algorithm 3.9. Let R be a PID and f a nonzero nonunit in R[[X]]. Choose a 
prime it £ R dividing /o . Let k denote the largest nonnegative integer such that ir k \ 
c(f). Let I denote the number of irreducible polynomials, counting multiplicities, in 
any irreducible factorization of P f ,, f .. g in R^[X]. Given u(fo),oj(fi),k,l £ 

Z>o U {oo} ; the following algorithm determines whether or not f is irreducible in 

Rj[X}}. 

(1) Ifu(fo) = oo, then return IRREDUCIBLE ifu(fi) = and REDUCIBLE 
otherwise. 

(2) Ifw(f ) > 1, then return REDUCIBLE. 

(3) If k + 1 = 1, then return IRREDUCIBLE. Otherwise return REDUCIBLE. 

Next we prove Theorem II. II of the introduction. 

Lemma 3.10. Let a be an ideal of a ring R. 

(1) Let f.gi £ R[X] be monic polynomials with f = g\---gk- Then f is a- 
Weierstrass if gi is a-Weierstrass for each i. 

(2) Let f,gi £ R[[X]] with f = gi ■ ■ ■ gk, and let n be a nonnegative integer. 
Then f is a- distinguished of order n if each gi is a- distinguished of order 
rii for some nonnegative integer m and n = n% + • • • +TC&. 

Moreover, the converses of statements (1) and (2) both hold if a is prime. 

Proof. It suffices to prove (2) and its converse for a prime. We may assume without 
loss of generality that k = 2. Say / = gh. If g and h are a-distinguished of order a 
and b, respectively, then / is associate to X a X b — X a+b in (i?/a)[[A]], whence / 
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is o-distinguished of order n = a + b. Conversely, suppose that / is p-distinguished 
of order n, where p = a is prime. Then UX n = f = gh in (i?/p)[[X]] for some 
unit 27 G (i?/p)[LY]]. Since X is prime in the domain (i?/p)[[X]], it follows that 
g = VX a and h — UV^ 1 X b in (i?/p)[[X]], where a and b are nonnegative integers 
with n = a + b and V is a unit in (i?/p)[[X]]. Therefore g and h are p-distinguished 
of order a and b, respectively. □ 

Proof of Theorem ! 1.1[ By Corollary 12.3( 2) we may assume faj^O and /o is asso- 
ciate to a power of some prime it G R. Write / = 7r fc /', where ir \ /' G i?LY]. 
Let P = Pf, ^ and 27 = 27,, ^ . By Lemma f3. 5( 1) we have 27 G R^)[X], so 

/ = Tr k PU is a factorization of / in the UFD R^[X]. Moreover, by Lemma \'S. 101 
any monic factor of P is 7ri?( T )-Weierstrass. Therefore one has / = ir k PU = gh for 

some g,h G i?( ff )[X] with go, ho G ttRm if & n d only if one of the following three 
conditions holds: (1) k > 2; (2) k = 1 and P^l; or (3) fc = and P is reducible 
in i?(y) [X]. Finally, by Theorem [L4l one of these three conditions holds if and only 
if /is reducible in R[[X]]. □ 

Theorem 11.11 may be expressed alternatively as follows. 

Algorithm 3.11. Let R be a PID and f a nonzero polynomial in R[X] with f 
a nonunit in R. Choose a prime tt G R dividing fo- Let \ G {0,1} be equal 
to if f = gh for <?, h G -R^LY] with go, ho G ttRm, and 1 otherwise. Given 
w(/o), uj(fi), x G Z>o U {oo}, the following algorithm determines whether or not f 
is irreducible in R[[X]]. 

(1) Ifu(fo) = oo, then return IRREDUCIBLE ifu(fi) = and REDUCIBLE 
otherwise. 

(2) Ifw(fo) > 1, then return REDUCIBLE. 

(3) 7/x = i/ien return REDUCIBLE. Otherwise return IRREDUCIBLE. 

4. Integral domains arising as quotient rings 



In this section we prove Theorem [172] of the introduction from the following three 
lemmas. The first generalizes [El Lemma 3.1.4]. 

Lemma 4.1. Let R C S be rings and f G S[[X]]. Suppose that fo is a nonzero- 
divisor in S and the R-algebra homomorphism R — > S/foS is surjective, and let 
deRH f a S. 

(1) There exist g G iZ[[X]] with go — d and h G ^[[X]] such that g = hf. 
Moreover, if Rn foS C dS then any such h is a unit in S[[X]]. 

(2) The g n and h n may be defined recursively as follows. Let II C R be a 
system of representatives for S/foS, and for any s G S/faS let s mod/o 
denote the unique element of II with image s in S/foS. Set go = d G R 
and ho = f$ d G S C S[l/fo], and for any positive integer n define g n and 
h n recursively as follows: 

(a) g n = ^"Tg 1 hif n -ij mod/o G R. 

(b) h n = f^ 1 (g n - E^o 1 hih-i) ^Sc S[l/f }. 

(3) Let f G S^-X"]] with fgS — foS, and let g' ', hi be defined as <?, h are defined 
in (2) so that g' — h'f. If f = f (mod (fo, X) N ) for some positive integer 
N, then g' = g (mod X N R[[X}}) and h' = h (mod (fo^) 1 *- 1 ). 
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Proof. The series g £ R[[X]] and h £ S[[X]] as defined in (2) are clearly well-defined 
and satisfy the equation g = hf. If RDfoS C dS, then f R C RDfoS £ dS £ f S, 
so /o5 = (iS 1 , and therefore any /i as in statement (1) is a unit in S[[X]]. An easy 
induction shows that, if // = fi (mod f ~ l £) for all i < N, then g\ = gi and 
h\ = hi (mod /^~ 1_i 5) for alH < JV - 1. This proves (3). □ 

Statement (3) of the above lemma implies that the result is effective in the sense 
that g and h can be computed to any desired degree of accuracy by computing / to 
a corresponding specified degree of accuracy. See Algorithm 16.31 for an algorithm 
based on the lemma. 

Our second lemma is an alternative version of Theorem 11.21 

Lemma 4.2. Let R be a PID. The integral domains arising as quotient rings of 
R[[X]] are, up to isomorphism, precisely the following: R[[X]], R, (R/m)[[X]\, 
R/m, and R m [a] , where m is any maximal ideal of R and a is any element of the 
algebraic closure of the quotient field of R m that is a root of some m- Weierstrass 
polynomial in R m [X] . 

Proof. The maximal ideals of i?[[A]] are of height two and of the form (ir, X), where 
7r £ R is prime 14, Section 1.1 Example 1], and one has i?[[A]]/(7r, X) = R/(ir). 
Since i?[[A]] is a UFD, every height one prime ideal p of -R[[A]] is principal [T4j 
Theorem 20.1], equal to (/) for some irreducible element / of i?[[X]] and contained 
in (n,X) for some prime n £ R. If f = then p = (X) and i?[[X]]/p = R. 
Otherwise by Corollarv l2.3f 2) Jo is equal to a unit times a power of ir. If % | / then 
p = (tt) and R[[X]]/p S (R/(ir))[[X]\. Otherwise / £ R[[X]]\irR[[X]] and therefore 
by Theorem 11.41 one has i?[[A]]/p = i? m [a], where m = (n) and a is a root in the 
algebraic closure K of the quotient field of R m of the Weierstrass polynomial in 
i? m [X] associated to /. 

Conversely, suppose that a £ K is a root of some irreducible ffi- Weierstrass 
polynomial P in R m [X}. If P = 0, then a = and R m [a] = R m = R[[X]]/(n-X). 
If P ^ 0, then by Lemma |4~T1 there exist / £ R[[X]\ and a unit U £ R m [[X]] such 
that / = UP and /o is equal to a power of ir, and therefore since P = Pf one has 
R m [a] ^ R m [X]/(P) S R[[X]]/(f) by Theorem O Thus in either case ^ m [a] is 
isomorphic to a quotient ring of i?[[A]]. D 

Our third lemma generalizes |15[ Lemma 3.1.5]. 

Lemma 4.3. Let R be an integral domain with quotient field K and with absolute 
integral closure R + , let a £ R + , let a be a proper ideal of R, and let n be a positive 
integer. The following conditions are equivalent. 

(1) a is a root of some a-Weierstrass polynomial in R[X] of degree n. 

(2) a n £ aR[a]. 

Suppose, furthermore, that a is prime. Then the above conditions are equivalent to 
the following. 

(3) The minimal polynomial of a over K is an a- Weierstrass polynomial in 
R[X] of degree d < n. 

Finally, suppose that R is a Henselian local ring with maximal ideal a — m. Then 
R + is a local ring with maximal ideal m + lying over m, and the above conditions 
are equivalent to the following. 
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(4) The minimal polynomial of a over K has degree d < n and its constant 
term is in m. 

(5) a E m + and deg(a, K) < n. 

Proof. Let / denote the minimal polynomial a over K and d its degree. Suppose 
that a is a root of an a-Weierstrass polynomial P g R[X] of degree n. Then 
a n = — (P + ••• + P„_ia" _1 ) E oi?[a]. Conversely, suppose that a n E oii[a]. 
Since / is monic of degree d every element of R[a] may be written in the form 
Oo + • • ■ + a n -ici dl with each aj E R, and since a n € ai?[a] we may write a n 
in the same form with each ai E a. Thus a is a root of the polynomial F — 
a + a\X + • • • + ad-iX^ 1 — X n in i?[X]. Since / has degree d, if n < d then 
F = and therefore a n — 1 =0, contradicting a ^ R. It follows that n > d and 
F is o-Weierstrass. This proves (1) and (2) equivalent. Next, under these same 
hypotheses, if o is prime then / is o-Weierstrass by Lemma 13.101 since / divides 
F and F is a-Weierstrass. Thus (1) implies (3). Conversely, if (3) holds, then, 
multiplying / by any a-Weierstrass polynomial of degree n — d, we see that a is 
a root of an a-Weierstrass polynomial of degree n. Thus (1), (2), and (3) are 
equivalent if a is prime. 

Now suppose that R is a Henselian local ring with maximal ideal a = m. It 
is proved in pQ that R + is a local ring with maximal ideal m + lying over m. If 
condition (3) (and therefore (2)) holds, then deg(a, K) = d < n and a E y/xnR[a] C 
V / m+ = m + , so (5) holds. Next, supposing that condition (5) holds, one has 

/o = -a(/i + f 2 a H h a d_1 ) em + nJJ = m. Therefore (5) implies (4). Finally, 

we show that (4) implies (3). Suppose that (4) holds, and suppose to obtain a 
contradiction that / is not m-Weierstrass. Let k be the smallest nonnegative integer 
such that /fe ^ m, so 1 < k < d — 1. Then / = X k G in (R/m)[X] for some 
G E (R/m)[X] with G ^ 0. Since (X k ,G) = (R/m)[X] and R is Henselian it 
follows that / = hg for monic polynomials h,g E R[X] with h = X k (mod mi?LY]) 
and g = G (mod mi?[X]), contradicting the irreducibility of / in R[X}. □ 



Finally, we obtain Theorem 11.21 
Proof of Theorem ] 1.2[ The theorem follows immediately from Lemmas 14. 2l and 



□ 



Remark 4.4. The ring i? m [a] for any a as in Theorem X 1 . 2\ is a complete local one- 
dimensional Noetherian domain with maximal ideal (tt, a) = \f{ir) and residue field 
R/m, where tt is a generator of m. Moreover, R m [a] is a DVR if and only if it is 
integrally closed, if and only if its maximal ideal (tt, a) is principal, if and only if (by 
[191 Proposition 18] J i? m [a] = i? m [/3] for some (3 E R^ whose minimal polynomial 
in R m [X] is Eisenstein. Thus, the quotient rings of R[[X]\ that are DVRs, besides 
possibly R[[X]]/(X) = R, are precisely those integral domains isomorphic for some 
maximal ideal m of R to (R/m)[[X\\ or to Ok for some totally ramified finite 
extension K of the quotient field of R m . 

5. Computing Weierstrass polynomials 
Let R be a ring and a an ideal of R, let 

a = aR[[X}} + XR[[X}] = {fE R[[X]] : f a E a}, 
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and let k be a positive integer. For all i < k let IT C i? be a system of rep- 
resentatives for R/a 1 . For all r € R and all i < k we let r mod a 1 denote the 
unique element of IT congruent to r modulo a 1 . Moreover, for all / € i?[[-X"]] we let 
/ mod 21 fc denote the unique polynomial in R[X] of degree at most k — 1 congruent 
to / modulo 2l fc with ith coefficient in ILk-i for all i < k. One has 

fe-i 
/ mod 2l fe = ^(fi mod a fc ~ l )X\ 

i=0 

and therefore the function mod 2l fe : i?[[-X"]] — > R[X] is completely determined by 
the set of functions mod a* : R — > Hi for i < k, and vice versa. 

The following proposition and algorithm, which are inspired by [201 Proposition 
3] and its proof, show that Pf and Uf are stable under approximations of / and can 
be approximated to any desired degree of accuracy provided that one can perform 
the ring operations in R/a 1 for sufficiently large i. 

Proposition 5.1. Let R be a ring and a an ideal of R such that R is complete 
with respect to some a-filtration of R. Let 21 = ai?[[X]] + Xi?[[X]], and let n be a 
nonnegative integer and N a positive integer. Let f,g € i?[[X]] be a- distinguished 
of order n with f = g (mod 2[( n+1 ' N ). Then 

P f = P g (mod 2l Ar+1 ) 

and 

U f = U g (mod 2t w ). 
Moreover, for all i < (n + 1)N let Hi C R be a system of representatives for R/a 1 . 
Assume g = f mod ^+ 1 ) N . Let t = T n {g)- 1 modSl^ 1 ^". Define Si £ R[[X}} 
recursively, with So = 1 and 

Si = T n (ta n (g)S t ^) mod a (»+i)"-»0+i) 

for all positive integers i < N — 1 . Then one has 

AT-l 

Uj l = t Y^ (-!)*# (mod sl n ) 

i=0 

and 

N-l 

P f = gt^2 (-!■)* Si (mod 21^). 

i=0 

Proof. We use the notation as in the proof of Theorem 11.31 Let Vf = Uj l and 
Tf = t o (a(/)r(/) _1 — ), and define V g and T g similarly. One has 

oo JV-l 

(5.1) V f = r(f)- 1 £(-l)'Tj(l) = r(Z)- 1 £ (-1)*7}(1) (mod a N R[[X}}) 

i=0 i=0 

and a similar congruence for V g . Now, a (21*) C 2P for all i and t(2T) = 21* ~" for 
all i > n. Thus a(f) = a(g) (mod ^ n + 1 ) N ) and r(/) = r( 5 ) (mod 2i(«+i)^-«) ; 
whence 

T>(1) = T g {l) (mod 2t("+ 1 ) A '- 2 "). 

By induction on i one has 

T}(1) = Tj(l) (mod fc(»+i)JV-»(*+i)) 
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for alH < N — 1. Therefore, since (n + l)N — nN = N, by the congruence (|5.1|) 
above one has Vf = V g (mod 2l w ) and thus £// = U g (mod 21 ). If / is a unit then 
Pf = 1 = P g \ otherwise / G 21 and one has 

Therefore P/ = P g (mod 2l w+1 ). Finally, by induction on i one has 5, = Tj(l) (mod 2[(™+i)JV-™(*+i)) 
for all i < iV — 1, and the congruences for U7 1 and Pf stated in the proposition 
follow from the congruence ()5.1|) above. □ 



Algorithm 5.2. Let R be a ring and a an ideal of R such that R is complete with 
respect to some a-filtration of R. Let 21 = aP[[X]] + XP[[X]], let n be a nonnegative 
integer and N a positive integer, and let f G i?[[X]] be a- distinguished of order n. 
For all i < (n + l)iV let ILt C. R be a system of representatives for R/a l , and 
let g — f mod Ql( n + 1 ) N , Given the data (R,n,N,g) and (mod a. % )i<( n +i)N! ^e 
following algorithm returns UJ mod 21 and Pf mod 21 . 

(1) Compute t = Tnig)- 1 mod %(*+W-n. 

(2) Set Sq = 1. Compute 

S t = r„(to n (<?)Si-i) mod a (»+i)"-»(i+i) 

/or a/Z positive integers i < N — 1 . 

(3) Compute 

V = (t^2(-l) l sA mod2l Ar 

and 

P= (5V) mod2l 7V . 

(4) Petorn Uj 1 mod 21 w = V and P f mod 21 w = P. 

Proof. This follows immediately from Proposition 15. II D 



Next, in the case where R is a UFD and o is prime, we provide an alternative 
algorithm for computing associated Weierstrass polynomials to any desired degree 
of accuracy, given any algorithm for factoring polynomials in R[X] to any desired 
degree of accuracy. The algorithm is based on a suggestion by Chase Franks for 
computing Weierstrass polynomials over R — Ok, where K is a finite extension of 

Q P . 

Let R be a ring and a G R. We say that a prime factorization of a in R is a 
sequence $ = (iro, 7Ti, ^2, ■ ■ ■ , Tfe) such that a = 'n^Y^i ■ • • TTfc, where 7To G 7? is a 
unit and 7Tj G P is prime for i > 0. The nonnegative integer fc is called the length of 
the prime factorization $, which we denote by Z($). Write «f>i = 7ri for all i < /($). 
If a is a nonzerodivisor, then all prime factorizations of a in R are unique in the 
obvious sense. 

Proposition 5.3. Let R be a UFD and p a prime ideal of R such that R is com- 
plete with respect to some p-filtration of R. Let f G R[X] be p- distinguished, 
and suppose that /o 7^ and & is a prime factorization of f in R[X], where 
the <&i are indexed so that ($j)o for i > is a unit in R if and only if i > k, 
where k G Z>o- Let u be the leading coefficient of the polynomial $1 • • • $&. Then 
(u _1 , $1, . . . , $fe) is a prime factorization of Pf in R[X]. Also, one has Uf G P[-X], 
and (u&q, $fc+i, $fc+2, • ■ • , $;($)) * s a, prime factorization of Uf in PLY]. 
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Proof. Let P = P f and U = U f . One has U E R[X] by Lemma MM. 1 )) so PU = 
f = $ (<I>i • • • < &fe)( < &fc+i • • • $/(*)) in R[X], with $j irreducible in R[X] for all i > 0. 
For all i > k, clearly $j is not a unit in i? times a p-Weierstrass polynomial, and 
therefore by Lemma [3. 101 one has $j \ P in i?[X]. Also, for all < i < k, since 
($i)o | t^O: one has $ l { J7. It follows that $i • • • <J> fc divides P and $fe+i • • ■ $;($) 
divides 17 in i?[X]; let the quotients in R[X] be P' and [/', respectively, so P'U' = 
$0 is a unit in i?[AT]. Thus P' and P' _1 $o are units in i?[AT], hence units in R, 
whence P' = u _1 and U' = u$o- D 

Let iZ be a ring and a an ideal of R, and let a € R. Let us say that a morf a 
prime factorization of a in R is a list '3/ = (ao, ai, . . . , afc) of elements of i?, with 
ao a unit in R, such that a has a prime factorization (itq,tti, . . . ,7Tfe) in i? with 
7Ti = Oj (mod a) for all i. Write ^i — ai for all i < k. 

Algorithm 5.4. Let R be a UFD and p a prime ideal of R such that R is complete 
with respect to some ^-filtration of R. Let *}} = pi?[A] + XR[X], and let N be an 
positive integer. Let f £ R[[X]] be p- distinguished of order n with /q ^ 0. For all 
i < (n + 1)N let IL C R be a system of representatives for R/p l - Suppose that \& is 
a mod *p("+ 1 ) Ar prime factorization of g = f mod s p( n+1 ) Jv i?[[A]] in R[X], where 
the ^i are indexed so that {^i)o for i > is a unit in R if and only if i > k. Given 
the data (R,^>,k), the following algorithm returns a mod ty N prime factorization 
of P g m R[X] with P g = P f (mod^). 

(1) Let u be the leading coefficient of the polynomial \I/i • • • \E'/ C . 

(2) Return (w _1 , *i,..., *fc). 



Proof. This follows from Propositions 15.11 and 15.31 □ 

6. Factoring algorithms 

In this section we provide an algorithm for computing any number of coefficients 
of the irreducible factors, counting multiplicities, of a polynomial in _R[[A]] for a 
PID R. 

The following algorithm computes a prime factorization of any power series in 
i?[[A]], provided that one can factor corresponding Weierstrass polynomials over 
the relevant completions of R to infinite precision, where R is a PID. 

Algorithm 6.1. Let R be a PID with quotient field K and f a nonzero formal 
power series in R[[X]]. Let $(c(/)) be a prime factorization of c(f) in R. Let r be 
the least nonnegative integer such that f r ^ 0. Let V be a complete set of nonas- 
sociate prime factors of f r /c(f) in R. For each ir 6 P, let (1, $„.!,••• , $-k,1„) 
be a prime factorization of Pf/ c if)x r R ^ n Rm[X]> an d f or each i < l n let 
4>n.i be an element of R[[X\] such that <p„j — T4-,i<&7r,i for some unit V^^ S 
/?(„■) [[X]] and (<^7r.i)o « s a power of n, defined as in Lemma \J^.1\ 2). Let V = 

(f/c(f)X r ) (rU^FUi. K^)~ l € K[[X]\. Given the data (f,r,$(c(f)),V) and 

{4>n,i)Tr£'P.i<i 7T j the following algorithm returns a prime factorization off in R[[X]]. 

(1) Write $(c(/)) = (u,n,...,T a ) and (<^ w ,i)7reP,i<!„ = (91, • • • ,9t)- 

(2) Return (uV,ti, . . . , t„,X,X, . . . ,X,gi, . . . ,g t ). 

Proof. Replacing / with / /c{f)X r , we may assume without loss of generality that 
r = and c(/) = 1. Factor f as a unit u times a product Il^e-p 7r ""- Replacing / 
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with u -1 /, we may assume that u — 1. Choose b^ G R with X^eP K Ilo-e'PUTr} <T "" ~ 
1. By Proposition 12.41 there is a unique g G XR[[X]] such that / = Il^e-p ( 7r ™ x + 
Kg)- Let /„ = tt"' + b n g and /£ = /// w = X[ aeV \ {v }{o- n ' + Kg)- I n S (jr) [X] one 
has P/^ = Pf — $ w ,i • • • $7i-, i„ and /wE// = fUf w . By Lemma [3.101 each $ Tj i is a 
unit u Wj i in i?( w ) times a TrP^-Weierstrass polynomial. Since P^ 4 = u~ fi-K,i and 
( < / > 7r,i)o is a power of 7r, by Theorem II .41 each Ti is irreducible in P[[X]]. Moreover, 
one has 

/ir = U U Pf„ = f- l Uf§ ntl ■ ■ • $,,,„ = K^r,l ' ' ' ^r,!., 

with each OT] j irreducible in P[[X]], where V„ = (/^K-,1 ■ • • Vir,l„)~ l Uf is a unit in 
P(„.)[[X]]; by Lemma |3~T1 one has V* G P[[X]]; and since (V^-)o divides 7r n,r in R and 
(V^r)o is a unit in P( OT ), it follows that (V n )o is a unit in P and therefore V^ is a unit 
in P[[X]]. Thus / = n^p A = (IW ^)0W n^„ </w) and V = U.ev V. 
is a unit in P[[X]], whence (V,gi,..., gt) is a prime factorization of / in P[[X]]. □ 

For polynomials the algorithm above simplifies as follows. 

Algorithm 6.2. Let R be a PID with quotient field K and f a nonzero polyno- 
mial in R[X]. Let $(c(/)) be a prime factorization of c(f) in R. Let r be the 
least nonnegative integer such that f r ^ 0. Let V be a complete set of nonas- 
sociate prime factors of f r /c(f) in R. For each n G V, let (1, $„■,!,••• , $n,l„) 
be a prime factorization of f/c(f)X r in R^[X], where the (fr^.i are indexed so 
that ($ 7 r i i)o a unit in R/^ if and only if i > k n , where k^ G Z> . For each 
i < kit let (ft^.i be an element of R[[X]] such that (p^.i — V-k,%^-k,% f or some unit 
V-x.i G P( ff )[[X]] and (</>-n-,i)o * s a power of tt, defined as in Lemma \4-1^ 2). Let 

V = (f/c(f)X r ) (U^vUi< K ^,i) _1 € K[[X}]. Given the data (/,r,*(c(/)),V) 

and (4>tt ^irev i<k • the following algorithm returns a prime factorization of f in 
R[[X}}. ' 

(1) Write $(c(f)) = (u,Ti,...,T B ) and(<f> n ,i) w ep t i<k„ = (gi,..-,gt)- 

(2) Return (uV,n, . . . , t s ,X,X, . . . ,X,g 1} . . . ,g t ). 

Proof. The proof is similar to that of Algorithm 16.11 □ 

The following algorithm follows as in the proof of Lemma 14.11 

Algorithm 6.3. Let R C S be rings and f G 5[[X]]. Suppose that /q is a 
nonzerodivisor in S and the R-algebra homomorphism R — > S/foS is surjec- 
tive, and let d G R C\ faS . Let N > 1 be an integer. For all i < N — 1 let 
IIj C S be a system of representatives of S/ f$S, with LTi C R, and for any 
s G S/f^S let s mod/o denote the unique element of Hi with image s in S/f^S. Let 
R' = P[n] C S, where U = (J LL,. Let f = f mod(f ,X) N G R'[X\. Given 

i<JV— 1 
the data {R!\fZ ],d,N,f) and (mod /o)i<jv-i, the following algorithm returns 
g mod X N and h mod (/ , X) 1 *- 1 G R'[X] for some g G R[[X]] and h G S[[X]} 
with g = d and g = hf . 

(1) Set g'o — d and h' Q = f$ d. 

(2) For any positive integer n < N — 1 define g' n and h' n recursively as follows: 



g'n = 7 . Kf'n-i m °d /0) 
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n-1 



ti n = fo 1 \9n-Y,Kf n - i ) mod^- 1 ' 



(3) Return 



and 



i=0 



JV-1 
-TV _ V^ 



5 mod X w = ^ 5j 'X* 



JV-2 

/miDd^X)""^^/^ 

i=0 



Finally, in the following algorithm, which is our main result on factoring formal 
power series, we indicate how to implement Algorithm 16. 21 to any desired degree of 
accuracy without requiring infinite precision in i?[[X]] or in the completions of R. 

Algorithm 6.4. Let R be a PID, let f be a nonzero polynomial in R[X], and let 
N > 1 an integer. Let $(c(/)) be a prime factorization of c(/) in R. Let r be the 
least nonnegative integer such that f r ^ 0. Let f' = f mod X +r R[[X}] G i?[X]. 
Let V be a complete set of nonassociate prime factors of f r /c{f) in R. For all it £ 
V, let (1, $! Wt i, . . . , ^tt,i„) be a mod (f r /c(f), X) N prime factorization of f/c(f)X r 
in R^[X]. Let R' — R-K^f^^Q : it G V,i < l^}]- For each i < l^, let t„ } i € Z>o 
with (* 7r ^) i?( 7r ) = tt^^R^). Let v = (f r /c(f)) ELe-p Tli<i„ ^~ t '' i € R. For each 
j < m x = (N — l)max{i 7rj i : i < l^}, let Tl^.j C R be a system of representa- 
tives for R/tt 3 R, and for any s e R^/tt 3 R^) let s mod it 3 denote the unique ele- 
ment of Tin. j with image s in Ri^ /it 3 Ru) ■ Given the data (R',N, r, /', $(c(/)), v), 
( 1 & 7 r,i,tT T .i)ir£'P,i<i 7r , and (mod ir 3 ) 7! ev,j<7n 7r , the following algorithm returns a mod 
X N R[[X)) prime factorization of f in R[[X]]. 

(1) For each it € V reindex the ^^,1 so that t n j = if and only if i > k^, where 

(2) Using Algorithm \6.°A for all i < k^ compute ip' v i — ip^^ mod X N R[[X]] , 
where ip^.i — W^^-n^ £ -R[[-X"]] for some unit W Wl i € i?( ff )[[X]] and 

(V>7r,i)o = ^' ^ • ^ • 

(3) Write $(c(/)) = (u,n, . . . ,r s ) and (^'„ ;i )wev,i<k^ = G?i, ■ ■ ■ ,9t)- 

(4) Compute 

V = (f/c(f)X r ) ( 9l ... g t )- 1 mod X N+r R[[X}} 

by recursion on the coefficients of V , noting that Vq — v is a unit in R. 

(5) Return (uV,n, . . . , t„,X,X, . . . , X,gi, . . . ,g t ). 

Proof. For each tt <E V there exists a prime factorization (1,$^^, . . . ,$tt,j w ) of 

f/c(f)X r in %)[X] with $ W)i = ^ {mod(f r /c(f),X) N ) for all i < U. Let 

i < kv Then VP^,; = $„. $ (mod (($„. jJoj-X")^), which in turn implies (4 , W] j)o = 

($ ff ,t)o (mod(($ 7r ,i)o) 2 ) and therefore (<&,r,t)o-R(»r) = ($*-,i)o-R(7r) • % Lemma 
I4.1f 3). then, it follows that 

^,i = */>*,i mod X w i?[[X]] = fa ti mod I ff i?[[I]], 

where ^^ = K-^tM S R[[^]] f° r some unit V„,i 6 i?(„.)[LY]]. Therefore, by the 
notation introduced in step (3) we may write {4>- K ,i)-ne'P,i<k 1 , = (Gt, . . . , Gt) with 
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d = g t (mod X N R[[X}}) for all i. By Algorithm [OJ 

(uW,T l! ...,T 8 ,X,X ) ...,X,G 1 ,...,G t ) 

is a prime factorization of / in i?[[X]], where W = (f/c(f)X r )(Gi . . . Gt)~ x . More- 
over, one has 

Vc(f)X r 9l ... gt = f=f= Wc(f)X r 9l ...g t (modX N+r R[[X)}), 

and therefore V = W (mod X N R[[X}}) . Therefore 

(uV, n, . . . , r s , X, X, . . . , X, g u . . . , g t ) 

is a mod X N R[[X] prime factorization of / in i?[[X]]. D 

7. Irreducibility criteria 

In this section we provide an alternative (and shorter) proof of Theorem ll.4l Our 
main result in this section is the following theorem, which, together with Corollary 
IZ3T2L yields Theorem 

Theorem 7.1. Let R be an integral domain and p a prime ideal of R such that 
Rp is an integral domain containing R, and let f £ i?[[X]] be p- distinguished in 
Rp[[X]]. Suppose that Rp/foRp = R/foR as R-algebras and any divisor of fa in 
Rp is associate in R p to a divisor of /o in R. Then f is irreducible in R[[X]] if 
and only if the Weierstrass polynomial Pf associated to f in R p [X] is irreducible 
in Rp [X] ; in fact, one has the following. 

(1) If f = gh for nonunits g,h £ R[[X]], then g and h are p- distinguished in 
Rp[[X]], one has Pf = PgPh, o-nd P g and P^ are nonunits in R p [X]. 

(2) If Pf = GH for nonunits G, H in Rp [X], then f = gh for nonunits g,h £ 
R[[X]] with G = uP g and H = u~ 1 Ph for a unique unit u £ Rp. 

Remark 7.2. The hypotheses of Theorem \7.1\ hold if R is any integral domain, 
p = (it) a principal prime ideal of R such that Rp is an integral domain containing 
R, and f £ R[[X\] is any p- distinguished series in Rp[[X\] with /o associate in R 
to a power of it. 

To prove Theorem 17.11 we use Lemmas 13.71 13.101 14.11 and the following lemma. 

Lemma 7.3. Let R be an integral domain and p a prime ideal of R such that Rp 
is an integral domain containing R. For any f £ R[[X]\ that is p- distinguished in 
Rp^\X]], one has the following. 

(1) If f = gh with g,h £ R[[X]], then g and h are p- distinguished in Rp[[X]], 
and one has Pf = P g Ph and Uf = U g Uh- 

Moreover, if every nonunit divisor of fo in R is a nonunit in Rp, then we have the 
following. 

(2) If f — gh for nonunits g,h in R[[X\], then P g and Ph are nonunits in 
R P [X}. 

(3) If Pf is irreducible in Rp[X], then f is irreducible in R[[X]]. 

Proof. Suppose that / = gh, where g,h £ R[[X]]. Since p is prime, the series g and 
h are p-distinguished by Lemma 13.101 and we have 

UfPf =f = gh = (U g P g )(U h P h ) = (U g U h )(P g P h ), 
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and UgUh is a unit in i? p [[X]] and P g Ph is a p-Weierstrass polynomial in i2 p [X]. 
By uniqueness it follows that Uf = U g Uh and Pf = P g Ph- This proves (1). 

Suppose now that every nonunit divisor of fg in R is a nonunit in R p and that 
/ = gh, where g and h are nonunits in i?[[X]]. Since P g is monic, if it is constant 
then P g = 1 and so j = U g , whence go is a unit in i? p and a nonunit divisor 
of /o in i?, contradicting the hypothesis on fg. Therefore P gi and likewise Ph, is 
nonconstant, hence a nonunit in i? p [AT], and Pf = P g Ph is reducible in i? p [AT]. This 
proves (2) and (3). □ 

Proof of Theorem \7.1\ If d is any divisor of /o in R, then R p /dR p = R/dR, so d is 
a nonunit in R p if and only if d is a nonunit in R. Therefore statement (1) holds 
by Lemma 17.31 Suppose that Pf = GH, where G, H are nonunits in R p [X] . Since 
Pf is monic, there is a unique unit u £ R p such that G = u~ l G and H' = uiJ are 
monic. By Lemma 13.101 it follows that G" and H' are p-Weierstrass polynomials, 
say, of degree a and b, respectively. If a = then G' = 1 and G is a unit in i? p LY], 
which is a contradiction. Therefore a, and likewise b, is a positive integer. Now, 
G and H' are divisors of Jo in R p . Therefore they are associate, respectively, to 
divisors r and s of /o m R- Since R p /rR p = R/rR, and likewise for s, by Lemma 
14.11 there exist g,h £ R[[X]] with g Q = r and h — s and units U, V € i? p [LY]] such 
that g = t/G' and h = VH' . Then g and h are p-distinguished of degree a and 
6, respectively, with P g — G' and Ph = H' . Therefore G = uP g and 7/ = u~ 1 Pf l . 
Moreover, we have / = UfPf — UfG'H' = Wgh, where g, h are nonunits in iJ[[Jf]], 
and where W — U fU~ x V~ x £ R P [[X]] is a unit. Since / = Wgh, the constant 
term Wq divides /o in R and is a unit in R p and is therefore a unit in R. Therefore 
foR = (gh) R, and since R fl /o-Rp = /o-R, by Lemma [3~7l we have W £ R[[X]]. 
Thus W is a unit in i?[LY]]. Finally, setting g' = Wg, we see that P g i = P g and 
f = g'h is reducible in R[[X]]. D 

8. Towards an effective irreducibility test 

In this section we provide an algorithm for testing the irreducibility of a formal 
power series in i?[[X]] with no nonunit constant or square divisors, where R is the 
ring of integers in a number field with class number 1. 

Let K be a finite extension of Q p , and let | • | denote the unique absolute value 
on K extending the p-adic absolute value on Q p . Let A be a positive real number. 
For all / £ K[X] let ||/||a = max^ |ai|A\ Then || • \\\ is a nonarchimedean absolute 
value on if[Jf]. Denote the discriminant of a polynomial / £ K[X] by A(/). 

Lemma 8.1. Let R = Ok be the ring of integers in a finite extension K of Q p 
with uniformizing parameter ir £ R, let f be a polynomial in R[X] of degree n with 
/o 7^ and \f n \ — 1, and let X = l/ol 1 ■ If 9 is any polynomial in R[X] of degree 
n with \\f — g\\\ < min(|/ |, |A(/)| 2 /|/ | 4 ™" 3 ), then f is irreducible in R[X] if and 
only if g is irreducible in R[X]. 

Proof Note first that |/ - g \ < \\f - g\\x < |/o|, so |/„| = | 5o | and A = l^ol 17 "- 
Let F — f/fo and G = g/fo- By hypothesis one has 

\\F-G\U = |l//o| ||/ - g\\ x < min(l, |A(/)| 2 /|/ | 4 - 4 ) = min(l, |A(F)| 2 ). 

Suppose that g is irreducible in i?LY]. Then G is irreducible in K [X], so the Newton 
diagram of G is a line of slope — r = —v(g )/n < 0, and one has A = |7r| r . It then 
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follows from the remark after Definition 4.1 of [7 j that \\G\\\ = \Gq\ = \ga/fa\ = 1. 
Moreover, since ||F — G||a < 1 = ||G||a, one has ||-F||a = 1, and by Lemma 
8.18], the Newton diagram of F is the same as that of G. Therefore, since G is 
irreducible in K [X], by [7, Corollary 8.19] the polynomial F is irreducible in -K"[X], 
so / = foF is irreducible in R[X] since / is primitive, as |/„| = 1. 

Conversely, suppose that / is irreducible in R[X}. As above it follows that 
1 1-^1 U = II^IU = 1 an d the Newton diagram of both F and G is a line of slope — r, 
where A = |7r| r . By the proof of [7, Corollary 8.19] one has |A(F)| = |A(G)|, and 
therefore 

||F-G|U<min(l,|A(G)| 2 ). 
Therefore, again by Corollary 8.19], the polynomial G is irreducible in if [A]. 
Finally, one has \f n - g n \\fo\ = \f n - 3n|A" < |/ |, whence |/„ - g n \ < 1 and so 
\9n\ = \fn\ = 1 and therefore the polynomial g = f$G is primitive. Thus g is 
irreducible in R[X}. □ 

Let R be a ring and a an ideal of R. For any / <E R[[X}] that is a-distinguished 
in i? [[A]] we define A (/) to be the discriminant A(P) £ R a of the associated 
Weierstrasss polynomial P = P f ^ . Suppose that m = a is maximal. Although 

R m may not be a complete local ring, it is necessarily a Henselian local ring, by the 
proof of [HI Theorem 8.3 Hensel's lemma]. Suppose that R m is an integral domain. 
Let -R+ be the absolute integral closure of R m and m + its unique maximal ideal. Let 

Rm = (-Rm)m+ denote the completion of i?+ with respect to m + and tn its unique 
maximal ideal, and suppose that R m is also an integral domain. Since U = U f s 

converges in fH and has no zeros in fit, the roots of P in i?+ coincide with the zeros 
of / = UP in m. If these roots are a.\ , . . . , a n (counting multiplicities) then one 
has A m (/) = rii<i( a i ~ a j) 2 ■ I n particular, A m (/) £ R m can be computed from 
the zeros of / (or approximated from approximate zeros of /) in R m , without a 
priori knowledge of the Weierstrass polynomial P f s , assuming that R m and R m 
are integral domains. 

The following algorithm avails itself of standard algorithms in algebraic number 
theory. 

Algorithm 8.2. Let K be a number field with class number 1 and ring of integers 
R = Ok- Let f G i?[[A]] ; and suppose that f has no nonunit constant or square 
factors and /o is a nonzero nonunit of R. Let -k be a prime in R dividing /o, and 
let D be a positive lower bound for |A( W )(/)|, where | • | is the unique absolute value 

on Rm with \p\ = 1/p, where p is the characteristic of the residue field R/(n). Let 
n be the least nonnegative integer so that tt j /„. Let B = min(|/o|, -D 2 /|/o| 4 ™ -3 ), 
and choose a positive integer N so that \ir\ N < B\Tr\ n . Let g = f mod (X^ n+1 ' N ). 
Given the data (R, g, n, n, N), the following algorithm determines whether or not f 
is irreducible in R[[X]]. 

(1) If go — 0, then return IRREDUCIBLE if g\ is a unit in R and return 
REDUCIBLE otherwise. 

(2) If go has at least two nonassociate prime factors in R, then return RE- 
DUCIBLE. 

(3) For each i < (n + 1)N, compute a system Hi C R of representatives for 
R/(ir l ) with 06 IL. 
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(4) Using Alaorithm \5.S\ compute Q — P g vaoa\ (tt , X) N £ R[X], where P g is 
the Weierstrass polynomial in Ri^\[X] associated to g. 

(5) Test whether or not Q is irreducible in R(-\[X\ using known irreducibil- 
ity tests, as in [7] [10] p] [32] 03] . Return IRREDUCIBLE if Q is 
irreducible in Ri^) [X] and return RED UCIBLE otherwise. 

Proof. Since / has no nonunit square factors, by Theorem [7jJ 2) the same is true of 
the polynomial P = Pf, and A(„.)(/) = A(P) is therefore nonzero. Since steps (1) 
and (2) are clearly justified, we may assume without loss of generality that /o = .go 
is nonzero and does not have two nonassociate prime factors. By Algorithm 15.21 
and the construction of Q in step (4) one has P = Pf = P g = Q (mod (it , X) N ) . 
Moreover, since £ R for each i and P has degree n < N, it follows that Q also 
has degree n. Let A = l/ol 1 ^™- One has 

||P - Q|| A = max |P - Q, b \X < max|P - Q,\ < maxM""' < P, 

i<n i<n i<n 

and therefore since |/o| = |Po| an d A^(f) = A(P) one has 

\\P-Q\\x<B< min(|P |, |A(P)| 2 /|Po| 4n - 3 ). 

By Lemma IQl it follows that P is irreducible in P p [X] if and only if Q is irreducible 
in P p [X] . Finally, by Theorem 11.41 P = Pf is irreducible in P p [X] if and only if / 
is irreducible in P[[X]]. This justifies step (5) of the algorithm and concludes the 
proof. □ 



Remark 8.3. Alaorithm \8.2\ could be implemented if one had an effective algorithm 
for computing a positive lower bound for |A(„.)(/)|. 
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